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• Case Study: Measurement of Neutron Yield

• Opportunities for Collaboration
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Primary Standards Lab for
the Nuclear Security Enterprise (NSE)

• Located at Sandia National Labs, Albuquerque

• Maintains primary standards traceable to national 
standards

• Calibrates and certifies customer reference standards

• Statistical Sciences Department has collaborated with 
the PSL for over 15 years

– Project Collaboration (Uncertainty Analyses)

– Training Classes developed and taught

– Publications, both internal and external

– Developing a metrology handbook for the NSE
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PSL Overview
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Critical Measurements within NSE

• Design
– Dimensional and weight requirements, performance in harsh environments

• Qualification
– Demonstrate margin, lifetime requirements, reliability requirements

• Manufacturing
– Process, product performance measurements

• Reliability Assessment
– Assure reliability of aging stockpile in dormant storage environments
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Flow, Acceleration, Shock and Humidity Laboratory
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Temperature Lab
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Electrical Calibration Lab
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Pressure Lab
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Mechanical Calibration Lab
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AC Lab
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DC Lab
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Microwave Lab
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Leaks Lab

15



Length, Mass, Force (LMF) Lab
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Vacuum Lab
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Radiation/Optics Lab
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NVLAP Accreditation
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PSL Metrics: Number of Calibrations
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Case Study: Measurement of Neutron Yield

• Calibration Chain for measuring neutron yield of a neutron 

generator (critical component of a nuclear weapon)

• Uncertainty analysis of secondary lead probe standard

• Results and implications for improving the measurement
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Calibration Chain – Neutron Yield Measurements
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Calibration of Primary Lead Probe
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Ion Beam Accelerator

Observed neutron count (alpha particle count) from ion beam accelerator 

used to calibrate primary lead probe standard 



Calibration of Secondary Lead Probe
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1. Laboratory neutron source is measured simultaneously by both primary and                   

secondary lead probes at the PSL.

2.   Calibration factor (F) results from this comparison.

3.   All subsequent lead probe detectors are calibrated to this secondary lead probe at the PSL.



Calibration of Lead Probe Detectors
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1. Laboratory neutron source is measured simultaneously by both secondary lead probe 

standard and lead probe detector at the PSL.

2.   Calibration factor for lead probe detector results from this comparison.

3. All subsequent lead probe detectors are calibrated on the same secondary lead probe

standard at the PSL.



Calibration of 

Neutron Generator Monitor (NGM)
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1. NGMs are calibrated at the manufacturing facility against a traceable lead probe detector.

2. These NGMs are used for dynamic surveillance measurements (flight tests and centrifuge 

tests).
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Uncertainty Analysis of 

Secondary Lead Probe Standard

• All neutron measurements made by SNL are referenced to a 

secondary lead probe standard via calibration

• Therefore, the uncertainty of any neutron measurement is linked 

through the calibration chain to the uncertainty of the secondary lead 

probe standard

• Estimating the uncertainty of the secondary lead probe is thus vital 

to making good estimates of the uncertainty of any neutron 

measurement made in the NSE

– Product acceptance tests (lead probe detector)

– Surveillance tests (lead probe detector)

– Flight tests (NGM)

– Dynamic Lab tests (NGM)



Neutron Yield Laboratory Measurement Setup
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Neutron Yield Measurement Setup
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1. The Type A uncertainty of the secondary lead probe is determined by repeated        

measurements of the laboratory neutron source.

2. All subsequent lead probe detectors are calibrated with the same secondary lead probe.

3. These lead probe detectors are used in product testers and static surveillance testers. 



Experimental Test Plan

• Forty scalar measurements (40 neutron 

source runs) at multiple levels 

• Ten background measurements taken 

immediately before the forty scalar shots
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Steps to Determine Uncertainty

(GUM Reference)

1. List the sources of uncertainty

2. Formulate the measurement equation, h = AfF (S-B)

3. Determine the distributions for the input quantities, A, f, F, S, B,
and evaluate the standard uncertainties for each input quantity

– Type A evaluations are used for S and B

– Type B evaluations are used for A and F

– f is treated as a conversion factor with no uncertainty

4. Determine the combined standard uncertainty (Taylor Series)

5. Estimate the measurand, h, from the measurement equation

6. Compute the expanded uncertainty using a coverage factor k
based on the degrees of freedom and the level of confidence 
required

7. Report the uncertainty interval
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Measurement Equation

h = AfF (S-B)

h = Total number of neutrons produced

A = Attenuation factor, determined by geometry of test setup

f  = Nominal conversion factor, treated as known

F = Calibration factor, determined by the PSL

S = Total scalar counts from the lead probe

B = Background counts measured by Lead Probe

A, F, S, and B are the sources of uncertainty



Type A and Type B Uncertainties

• Type A evaluation of uncertainty

– “Method of evaluation of uncertainty by the statistical analysis of series 

of observations.” (Captures the variation in the current test data.)

• Type B evaluation of uncertainty

– “Method of evaluation of uncertainty by means other than the statistical 

analysis of series of observations.” (Captures the variation that would 

NOT be seen in the current test data)

• Calibration certificates

• Manufacturer’s specifications

• Experience (expert knowledge of instrument)

• Previous measurement data

33

Reference is: JCGM 100:2008. “Guide to the Expression of Uncertainty in Measurement.” (GUM)
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Distributions for Input Quantities and 

Standard Uncertainties

Input Quantity Mean (m)

Standard

Uncertainty

Type A

PDF

Type A

Standard

Uncertainty

Type B

PDF

Type B

f 3333

A 1.00 0.020 Rectangular

F 1.15 0.032 Rectangular

S 4800 69.3 Poisson

B 200 4.47 Normal

h = AfF (S-B)



Combined Standard Uncertainty via

Taylor Series Approximation
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With the input quantities (𝑥𝑖
′𝑠), and measurement equation

𝑦 = 𝑔(𝑥1, 𝑥2, … , 𝑥𝑁)

the combined standard uncertainty, 𝑢𝑐(𝑦), is the positive square 
root of the combined variance, given by

𝑢𝑐
2 𝑦 = σ𝑖=1

𝑁 𝜕𝑔

𝜕𝑥𝑖

2

𝑢2(𝑥𝑖) .

Each 𝑢(𝑥𝑖) is a standard uncertainty evaluated using either Type A 
or Type B evaluation.
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Calculation of Type A

Combined Standard Uncertainty

• Compute the sensitivity coefficients

AfF
S
=



h
AfF

B
−=



h

• Compute the combined standard uncertainty from the 

standard uncertainties and sensitivity coefficients
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Calculation of Type B Combined 

Standard Uncertainty

• Compute the sensitivity coefficients

• Compute the combined standard uncertainty from the 

standard uncertainties and sensitivity coefficients
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Combined Standard Uncertainty

5

22

22

10685.6

)272,613()100,266(

)()()(

=

+=

+=

          

         

hhh BAc uuu

• Root-Sum-Square the Type A and Type B Combined 

Standard Uncertainties
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Estimate the Total Neutron Yield

h = AfF (S-B)

= (1.00)(3333)(1.15)(4800-200)

= 1.76 x 107



40

Determine the Expanded Uncertainty

• Calculate the effective degrees of freedom using the 

Welch-Satterthwaite formula

• The t95(veff) values obtained from this calculation ranged 

from 1.98 to 2.02 for the application discussed here

– 40 scalar calibration points

– 10 background points

– This is the coverage factor k that gives a 95% CI
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Determine the Expanded Uncertainty

• Calculate the expanded uncertainty using the coverage 

factor determined from the t-distribution for a 95% level of 

confidence 
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Report the Uncertainty Interval
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• The uncertainty interval at a 95% level of 

confidence (k = 1.98) for total neutron count is: 



Expanded and Relative Expanded

Uncertainties in Lead Probe  
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(S-B) U

4800 1.84 E+07 1.39 E+06 7.5%

4600 1.76 E+07 1.34 E+06 7.6%

4400 1.69 E+07 1.29 E+06 7.6%

4200 1.61 E+07 1.24 E+06 7.7%

4000 1.53 E+07 1.18 E+06 7.7%

3800 1.46 E+07 1.13 E+06 7.8%

3400 1.30 E+07 1.02 E+06 7.9%

3000 1.15 E+07 9.17 E+05 8.0%

2600 9.97 E+06 8.12 E+05 8.1%

2400 9.20 E+06 7.59 E+05 8.3%

2100 8.05 E+06 6.80 E+05 8.5%

1800 6.90 E+06 6.02 E+05 8.7%

1600 6.13 E+06 5.50 E+05 9.0%

1400 5.37 E+06 4.98 E+05 9.3%

1200 4.60 E+06 4.47 E+05 9.7%

1000 3.83 E+06 3.96 E+05 10.3%

800 3.07 E+06 3.46 E+05 11.3%

600 2.30 E+06 2.97 E+05 12.9%

500 1.92 E+06 2.73 E+05 14.2%

400 1.53 E+06 2.49 E+05 16.3%

300 1.15 E+06 2.27 E+05 19.7%

350 9.58 E+05 2.16 E+05 22.5%

200 7.67 E+05 2.05 E+05 26.8%

150 5.75 E+05 1.95 E+05 33.9%

100 3.83 E+05 1.85 E+05 48.2%

25 9.58 E+04 1.70 E+05 177.7%

Pbn
Pbn/U

Results were confirmed with Monte Carlo analysis.



Expanded Uncertainties in 

Secondary Lead Probe  
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Relative Expanded Uncertainties in 

Secondary Lead Probe
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Sensitivity Analysis
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𝑢𝑐 = 𝐴𝑓𝐹 2𝑢2 𝑆 + −𝐴𝑓𝐹 2𝑢2 𝐵 + 𝑓𝐹 𝑆 − 𝐵
2
𝑢2 𝐴 + 𝐴𝑓 𝑆 − 𝐵

2
𝑢2(𝐹)

= 𝐴𝑓𝐹 𝑆 +
𝐵

𝑁
+ 𝑆 − 𝐵 2

𝑢2 𝐴

𝐴
+
𝑢2 𝐹

𝐹

f = Nominal conversion value (neutrons per output count) = 3333

A= Adjustment factor associated with measurement geometries ≈ 1.0

F= Calibration lead-probe conversion factor ≈ 1.15

S= Total scalar counts ≈ 4800

B= Background counts ≈ 200  

≅ 𝑓 𝑆 +
𝐵

𝑁
+ 𝑆 − 𝐵 2 𝑢2 𝐴 + 𝑢2 𝐹



Steps to Reduce Uncertainty

• Reduce 𝑢 𝐴 , 𝑢(𝐹)
– Calibration factors based on measurement geometry

• Reduce background counts (B)

• Decrease f

– Increase the net scalar count per neutron
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Opportunities for Collaboration

• Design of Experiments

– Factorial designs, mixed-models, variance component estimation

• Failures in the Assumptions

– GUM-Propagation of Error Model limitations

– Non-linearity, Non-independence of input quantities 

• Degrees of Freedom

– Proper use of Welch-Satterthwaite Approximation

• Type A and Type B Uncertainties

– Type A: Variation in the data at time of experimentation

– Type B: Variation not seen in the data at time of experimentation

– Avoid double counting 

• Interpretation of Gage R&R results
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Resources

• GUM, NIST Guide (Technical Note 1297), AIAG Guide

– GUM Supplement 1 for Monte Carlo approach 

• NIST On-line handbook (www.itl.nist.gov/div898/handbook/) 

• Metrologia, NCSL Measure, NIST Publications 

• Metrology conferences (NCSLI), Short courses
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http://www.itl.nist.gov/div898/handbook/


Backup Slides 
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Case Study: Gage R&R of a

Coordinate Measuring Machine (CMM)

• 4 parts

• 3 operators

• 3 repeats
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Typical recommended design (AIAG Guide) has 10 parts, 3 operators, 3 repeats



Gage R&R Results
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ො𝜎𝑃𝑎𝑟𝑡
2 = 2586.9

ො𝜎𝑂𝑝𝑒𝑟
2 = 68.2

ො𝜎𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟
2 = 9.4

ො𝜎𝐸𝑟𝑟𝑜𝑟
2 = 108.5

Using the ANOVA approach, equating Mean Squares to their expectations,

Source       DF        SS            MS        F-Value      P-Value

Part           3       70256       23419        171            0.00

Operator    2        1910           955          7.0            0.03

Part*Op     6          821           137          1.3            0.31

Error          24        2604           109         

Total           35      75591           



Gage R&R – Reproducibility Term
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ො𝜎𝑅𝑒𝑝𝑟
2 = ො𝜎𝑂𝑝𝑒𝑟

2 + ො𝜎𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟
2

=
1

12
(𝑀𝑆𝑂𝑝𝑒𝑟 − 𝑀𝑆𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟) +

1

3
(𝑀𝑆𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟 −𝑀𝑆𝐸𝑟𝑟𝑜𝑟)

=
1

12
(𝑀𝑆𝑂𝑝𝑒𝑟) +

1

4
(𝑀𝑆𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟) −

1

3
(𝑀𝑆𝐸𝑟𝑟𝑜𝑟)

= 79.6 + 34.2 - 36.2

= 77.6      with 𝜐𝑅𝑒𝑝𝑟 ≅ 2 (via the Welch-Satterthwaite approximation)



Gage R&R
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ො𝜎𝑅&𝑅
2 = ො𝜎𝑂𝑝𝑒𝑟

2 + ො𝜎𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟
2 + ො𝜎𝐸𝑟𝑟𝑜𝑟

2 = 186.1

ො𝜎𝑅𝑒𝑝𝑟
2 = ො𝜎𝑂𝑝𝑒𝑟

2 + ො𝜎𝑃𝑎𝑟𝑡 𝑥 𝑂𝑝𝑒𝑟
2 = 77.6

Reproducibility and R&R variance terms:

𝜐𝑅𝑒𝑝𝑟 ≅ 2

𝜐𝑅&𝑅 ≅ 9.7

(Effective degrees of freedom via W-S approximation)



Observations

• Reproducibility term 𝜎𝑅𝑒𝑝𝑟
2 poorly estimated

• Many more operators would be needed to obtain a useful 

estimate of 𝜎𝑅𝑒𝑝𝑟
2

• Recommend not using 𝜎𝑅𝑒𝑝𝑟
2 from Gage R&R study alone 

• Recommend collecting data over time (control chart 

methodology) to estimate reproducibility term

– Repeated measurements of a check standard over time

– Repeated measurements of manufactured units (4-5) set aside
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Metrology Handbook

• Developed for practitioners of metrology within the NSE

• “How to” guide of metrology best practices

• Ideas illustrated with numerous case studies from the NSE

• Includes basics, some advanced concepts, and special topics
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Topics

• Basic Measurement Terminology

• International System of Units (SI), Traceability and Calibration

– Base Units and Derived Units of Measure

• Introduction to Probability and Statistics

• Measurement Uncertainty in Decision Making
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Topics (Cont’d)

• The Measurement Model and Uncertainty

• Analytical Methods for the Propagation of Uncertainties

• Monte Carlo Methods for the Propagation of Uncertainties

• Determining Uncertainties in Fitted Curves
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Topics (Cont’d)

• Design of Experiments in Metrology

– Factorial Designs 

– ANOVA with mixed models

– Gage R&R Studies

– Tester Qualification

• Special Topics in Metrology

– SPC for a Measurement Process

– Binary Measurement Systems

• Measure of Correctness

• Measure of Agreement

– One-Shot Devices

– Sample Size Determination
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